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The Post-Newtonian Limit
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ds2 =
(
1− 2 ϕ

c2
+ 2β

ϕ2

c4
)
c2dt2 −

(
1+ 2γ

ϕ

c2
) 3∑
µ̃=1

dxµ̃ (1)

Perihelion Shi�

δΨ =
6πGNm

a(1− e2)c2
δΨ =

6πGNm
a(1− e2)c2

1
3

(2+ 2γ − β)

Deflection of Light

δΨ = (1+ γ)
2GNm
c2ρ

Shapiro Time-Delay E�ect

δt = (1+ γ)
2GNm
c3

ln(
rEarthrplanet

R2Sun
)

*Will, C.M. Living Rev. Relativ. (2014) 17:4 γ− 1 = 2.1± 2.3× 10−5∗



The Metric
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ĝMNdXM ⊗ dXN = ĝµνdxµ ⊗ dxν + ĝmndxm ⊗ dxn

M,N = 0, ...,D, µ, ν = 0, 1, 2, 3;

m, n = 4, ...,D.
(2)

ĝµν = diag(1,−1,−1,−1)

R̂mn[ĝ(d)] = λgmn, λ = 0. (3)



D-dimensional Gravitational Action
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Sg =
1

2κ2D

∫
dDx

√
|g| ×

[
f(Φ)R + h(Φ)∇MΦ∇MΦ− U(Φ)

]
(4)

MF PF

δS
δgMN

= 0

δS
δΦ

= 0

δS
δgMN

= 0

δS
δΓKLM

= 0

δS
δΦ

= 0

κ2D ≡ 2SD−1G̃D/c4



Metric vs Palatini Formulation

4/13

fGMN +

[
f ′′ −

h
2

]
gMN(∇Φ)2

+ gMNf ′∆DΦ + (h− f ′′)∇MΦ∇NΦ

− f ′∇M∇NΦ +
1
2
gMNU = κ2DTMN,

f ′R− h′ (∇Φ)2 − 2h∆DΦ− U′ = 0

fGMN +

[
f ′′ −

χ

2

]
gMN(∇Φ)2

+ gMNf ′∆DΦ + (χ− f ′′)∇MΦ∇NΦ

− f ′∇M∇NΦ +
1
2
gMNU = κ2DTMN,

f ′R− χ′(∇Φ)2 − 2χ∆DΦ− U′ = 0

h↔ χ

χ ≡
D− 1
D− 2

(f ′)2

f
+ h



Metric vs Palatini Formulation
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Is it possible to obtain physical equivalence in both frames?
Without loss of generality, let’s try f(Φ) ≡ Φ and

h(Φ) ≡ −ω(Φ)/Φ :

χ ≡ −

[
ω(Φ)−

D− 1
D− 2

]
1
Φ
≡ −

ω̃(Φ)

Φ
(5)

ω(Φ) = ω = const.



A Note on Background Φ̂
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Stable vacuum forΦ:

U(Φ) =
µ2

2
(Φ− Φ̂)2 + o

(
(Φ− Φ̂)2

)
(6)

µ : mass scale for the scalar Φ

Background value Φ̂ cannot be zero;Φ determines the strength of
gravitational coupling!



Metric vs Palatini Formulation
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Within the metric formalism, dynamical equations read

ΦGMN + gMN
ω

2Φ
(∇Φ)2 + gMN∆DΦ−

ω

Φ
∇MΦ∇NΦ

−∇M∇NΦ +
1
2
gMNU = κ2DTMN,

[(d + 3) + ω(d + 2)] ∆DΦ = κ2DT + ΦU′ −
d + 4
d + 2

U .

(7)

No backgroundmatter→ TMN = 0
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Linear Perturbations



Perturbed Quantities
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gMN ≈ ĝMN + δgMN ≡ ĝMN + hMN, hKL ≡ ĝKMhML ;

Φ ≈ Φ̂ + δΦ = Φ̂(1+ φ), φ ≡ δΦ/Φ̂.

Perturbations of the EMT:

T MN = δT MN = EδM0 δ0N − P1δMl δlN, (8)

E = ρc2 = Mc2
δ(r)
V̂d

, P1 = ΩE , Ω = const. (9)

h00 = χ1, hµ̃ν̃ = ĝµ̃ν̃χ2 = −δµ̃ν̃χ2, hmn = ĝmnχ3 (10)



Linearized Field Equations
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−
1
2
µ2φ+ (1+ ω)∆φ−

1
2

∆χ1 = κ2DE ,

1
2
µ2φ− (1+ ω)∆φ+

1
2

∆χ2 = 0,

−
1
2
µ2φ+ (1+ ω)∆φ−

1
2

∆χ3 = −κ2DΩE

[(d + 3) + ω(d + 2)] ∆φ− µ2φ = κ2DE(1− Ωd)



Solutions
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The solutions of χ1(r), χ2(r), χ3(r), and that of φ(r)may all be
expressed as

f(r) =
ακ2DMc

2

4πV̂d

1
r

[
A−

(
A−

B
C

)
e−mr

]
(11)

µ = 0, χ1 = 2ϕ
c2 µ 6= 0 : Yukawa correction term

limr→∞(ϕ/ϕN) = 1 limr→∞(ϕ/ϕN) = 1 | r� 1/m

κ2D

V̂d

B1
C

=
8πGN
c4

κ2D

V̂d
A1 =

8πGN
c4

ds2 =
(
1− 2 ϕ

c2
)
c2dt2 −

(
1+ 2γ

ϕ

c2
) 3∑
µ̃=1

dxµ̃ (12)



Massless Scalar
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d = 0, γ = 1

γ =
B2
B1

=
(1 + ω)(1− Ωd)

d(ω + 1)(Ω + 1) + ω + 2
d = 0−−−→ ω + 1

ω + 2
(13)

Ω = 0, γ = 1

1 + ω

d(ω + 1) + ω + 2
= 1 → ω = −1−

1
d
< −1 (14)

ω ∼ O(1), ω > 0, γ = 1

Ω = −
1
2
−

1
2d(ω + 1)

< −
1
2

(15)



Massive Fields
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Provided that m is large enough, one gets

γ = − lim
r→∞

χ2(r)
χ1(r)

=
A2
A1

=
1− Ωd
1+ Ωd

(16)

γ = 1 (17)
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