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Lattice allows calculate path integral and expectation values of observables:

〈O〉 =
1

Z

∫
D[U ]D[ψ, ψ̄] e−S(ψ,ψ̄,U)O(ψ, ψ̄, U), Z =

∫
D[U ]D[ψ, ψ̄] e−S(ψ,ψ̄,U)

D[U ]=
∏
n,µ

dUµ(n), D[ψ, ψ̄]=
∏
n,f
α,a

dψ(f)
α
a

(n) dψ̄(f)
α
a

(n).

Lattice: Euclidean; hypercubic; with spacing a.

〈O〉 ≈
1

K

K∑
k=1

O
[
{U, ψ, ψ̄}k

]
, {U, ψ, ψ̄}k ∼ e−S(ψ,ψ̄,U)

Measured quantities: O = Tr
∏

n,µ∈C
Uµ(n), ψ̄(n)Uµ(n)ψ(n+ µ̂), ψ̄(n)Γψ(n), . . .

Continuous limit a→ 0 should be taken!



Thermodynamics on the latticeThermodynamics on the latticeThermodynamics on the latticeThermodynamics on the latticeThermodynamics on the latticeThermodynamics on the latticeThermodynamics on the latticeThermodynamics on the latticeThermodynamics on the latticeThermodynamics on the latticeThermodynamics on the latticeThermodynamics on the latticeThermodynamics on the latticeThermodynamics on the latticeThermodynamics on the latticeThermodynamics on the latticeThermodynamics on the lattice
/
? Z =

∫
D[U ]D[ψ, ψ̄] e−S(ψ,ψ̄,U)

?

/
p = −

Ω

V
=
T

V
lnZ ←− cannot be measured directly

Derivatives of p can be measured!

nq =
Nq

V
=

∂p

∂µq
– quark number density

nq =
T

V
·
1

Z
·
∂Z
∂µq

= −
T

V
·
1

Z

∫
D[U ]D[ψ, ψ̄]

(
∂S

∂µq

)
e−S(ψ,ψ̄,U)

︸ ︷︷ ︸〈
∂S
∂µq

〉
= −

T

V

〈
∂S

∂µq

〉

J. N. Günther et al., Nucl. Phys. A 967, 720 (2017) [arXiv:1607.02493 [hep-lat]]

p

T 4
= c0(T ) + c2(T )

(µB
T

)2
+ c4(T )

(µB
T

)4
+ c6(T )

(µB
T

)6
+O(µ8B)

n

µBT 2
=

T

µB
·
d(p/T 4)

d(µB/T )
= 2c2 + 4c4

(µB
T

)2
+ 6c6

(µB
T

)4
← coefficients can be found from fit

(µu, µd, µs are such that 〈nS〉 = 0, 〈nQ〉 = 0.4〈nB〉)

Calculation of c0:
S. Borsanyi et al., Phys. Lett. B 730, 99 (2014) [arXiv:1309.5258 [hep-lat]].
G. S. Bali et al., JHEP 08, 177 (2014) [arXiv:1406.0269 [hep-lat]].
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µB = µu + 2µd
µQ = µu − µd
µS = µd − µs

nB = (nu+nd+ns)/3
nQ = (2nu−nd−ns)/3
nS = −ns
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Our choice of chemical potentials:

µu = µd = µq ; µs = 0 ⇒ µB = 3µq ; µQ = 0; µS = µq︸ ︷︷ ︸
1D section of 3D surface p(µB , µQ, µS)

We want to reconstruct EoS on this section

Dimensionless chemical potential: θ = µ/T

Axes rotation (tanα = θS/θB = 1/3):

θX = (3 θB + θS)/
√
10 = θq

√
10

Correspondent density:

nX = (3nB + nS)/
√
10 = (nu + nd)/

√
10

Expansion of the pressure on the section:
p

T 4
=
p0

T 4
+ cX2 θ

2
X + cX4 θ

4
X + cX6 θ

6
X +O(θ8X)

Expansion of the density:
nX

T 3
=
∂(p/T 4)

∂θX
= 2cX2 θX + 4cX4 θ

3
X + 6cX6 θ

5
X .

����1

cX2 , c
X
4 , c

X
6

6

? ? ?



Lattice setupLattice setupLattice setupLattice setupLattice setupLattice setupLattice setupLattice setupLattice setupLattice setupLattice setupLattice setupLattice setupLattice setupLattice setupLattice setupLattice setup
Tree level improved Symanzik gauge action.
Staggered 2 + 1 fermionic action.
Stout smearing improvement.
Imaginary chemical potential: µ = iµI .
External magnetic field:

~B = B~ez ; B = const A ext
y = Bx/2, A ext

x = −By/2, A ext
µ = 0, µ = z, t

Splitting of the rooted determinant:

Z =

∫
DU e−SG [detD(B,mu, qu)]

1
4 [detD(B,md, qd)]

1
4 [detD(B,ms, qs)]

1
4

D(n|f) =
1

2a

∑
µ

ηµ(n)
[
uµ(B, q, n) Ξµ Uµ(n)δf,n+µ̂ − u?µ(B, q, f) Ξ?µ U†

µ(f)δf,n−µ̂

]
+mδf,n

ux(B, q, nx, ny , nz , nt) = e−ia
2qB ny/2, nx 6= Nx−1, uy(B, q, nx, ny , nz , nt) = eia

2qB nx/2, ny 6= Ny−1,

ux(B, q,Nx − 1, ny , nz , nt) = e−ia
2qB(Nx+1)ny/2, uy(B, q, nx, Ny − 1, nz , nt) = eia

2qB(Ny+1)nx/2 .

Ξν = eiaµI×δν4

Periodic boundary conditions ⇒ eB =
6π k

NxNy a2
, k ∈ Z

/
? T =

1

Nt · a
?

/
Simulation parameters: 6× 243 lattice;

eB = 0.0, 0.5, 0.6, 0.8, 1.0, 1.5GeV2;
T = 123− 206 MeV;
physical quark masses.
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J. N. Günther et al.

eB = 0 GeV2

cont. extrapolated
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ConclusionsConclusionsConclusionsConclusionsConclusionsConclusionsConclusionsConclusionsConclusionsConclusionsConclusionsConclusionsConclusionsConclusionsConclusionsConclusionsConclusions

Monte Carlo simulations are carried out on 6× 243 lattice in presence of non-zero chemical
potential and with external magnetic field.

Contribution of chemical potential to the pressure is obtained for various temperatures and
external field strengths.

Temperature dependences of cumulant relations are obtained for various values of applied field.

Strong dependence of the EoS on magnetic field is observed.

Plans for future:

Perform simulations on larger lattices and take continuum limit.
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Thank you for your attention!
N. V. Kolomoyets (JINR) EoS at finite baryon density and external magnetic field from LQCD 11/11


